Proof. Suppose that a ∈ Ω(Γ). By Theorem 2.4, we can choose an open neighborhood V of a in H 3 ∪ Ω(Γ) such that V ∩ γV = ∅, for all γ = 1. V contains an open ball in (B 3 , d E ) whose center is a and whose radius is r, for some r > 0. Let . Suppose that x, y ∈ U and γ = 1. Note that we have d E (a, x) < r 4C and d E (a, y) < r 4C .
Since γy / ∈ V , we have d E (a, γy) > r. Therefore
> Cd E (x, a) + Cd E (a, y) ≥ Cd E (x, y).
Hence d E (x, γy) ≥ Cd E (x, y). We have the following explicit formula about reflection in spheres.
Theorem [3] 2.10. Suppose that i is the reflection in a sphere whose center is c and radius r. Then for all x, y = c,
Recall that Γ is a torsion free discrete group. In the proof of the following proposition, we will use the fact that Γ is torsion free and discrete.
Proposition 2.11. Suppose that γ ∈ Γ and γ = 1. Let ψ γ = A γ • i γ be the Möbius transformation of B 3 extended from γ, where A γ is an orthogonal transformation of R 3 and i γ is a reflection in a sphere, whose center is c γ and whose radius is r γ , which is orthogonal to S 2 ∞ . Then
Proof. For contradiction, suppose that
Recall that Γ does not contain any element which has a fixed point in H 3 except identity. Therefore if γ, γ ′ ∈ S and γ = γ
{γO | γ ∈ S} is an infinite set.
Suppose that γ ∈ S. Since the sphere whose center is c γ and whose radius is r γ is orthogonal to S 2 ∞ , we have(See Figure 1 )
Therefore, from Theorem 2.10, we have
.
Recall that any orthogonal transformation is an Euclidean isometry. Therefore, for all γ ∈ S, from Theorem 2.8, we have
This is a contradiction to the fact Λ(Γ) ⊂ S 2 ∞ . Therefore
is a finite set. Hence
In the following lemma, we will use γ instead of ψ γ , from time to time, for the sake of simplicity. The lemma will be proved by contradiction. We need this lemma for the proof of Proposition 2.13.
and γ ∈ Γ, where C does not depend on the choice of x, b and γ. V ∩ γV = ∅ for all γ = 1.
V contains an open ball in (B 3 , d E ) whose center is a and whose radius is r, for some 0 < r < 1. Let
For contradiction, suppose that, for all k ∈ N, there exist
We may assume that γ k = 1, for all k ∈ N. For all k ∈ N, let ψ k = A k • i k be the Möbius transformation of B 3 extended from γ k , where A k is an orthogonal transformation of R 3 and i k is a reflection in a sphere, whose center is c k and whose radius is r k , which is orthogonal to S 2 ∞ .
Recall that any orthogonal transformation in R 3 is an Euclidean isometry.
From Proposition 2.11, there exists a constant C ≥ 1 such that
Therefore, from eq. (2.4), we have
Therefore there exists a limit point c of c k on U ∩ Ω(Γ). Since c ∈ U, we have
Choose a subsequence c k(j) of c k such that (2.6)
Note that we have
because the sphere is orthogonal to S 2 ∞ . Therefore, from eq. (2.7), we have
Due to eq. (2.6) and eq. (2.8), we can choose two integers m and n such that
Let S k(m) be the sphere whose center is c k(m) and whose radius is r k(m) . Let S k(n) be the sphere whose center is c k(n) and whose radius is r k(n) . If x ∈ S k(m) ∩ B 3 then, from eq. (2.9), we have
Therefore, from eq. (2.5), we have
Similarly, we can show that
Therefore we have(See Figure 2 )
Recall, from Theorem 2.8, that O is fixed by any orthogonal map. Therefore
In other notation,
Let N be a Riemannian manifold. A Riemannian submanifold S of N is called totally geodesic if all geodesic of N which contains two points in S is completely contained in S. A sphere which is orthogonal to S 2 ∞ is a totally geodesic submanifold of H 3 (See [4] ). Therefore, for any neighborhood
, we can choose a neighborhood U ′ of a such that U ′ ⊂ U and the boundary of U ′ is totally geodesic. Note also that if a ∈ Ω(Γ), then we can choose an open neighborhood which does not intersect Γ(O). Now we can prove the following proposition due to Lemma 2.12.
Proposition 2.13. Suppose that a ∈ Ω(Γ). Then there exist an open neighborhood U of a in H 3 ∪ Ω(Γ) and a constant C ≥ 1 such that
for all x ∈ U ∩ H 3 and γ ∈ Γ, where C does not depend on the choice of x and γ.
Proof. Suppose that a ∈ Ω(Γ). By Lemma 2.12, there exist open neighborhood U of a and C ′ ≥ 1 such that
We may assume that Γ(O) ∩ U = ∅ and the boundary of U is totally geodesic.
Suppose that x ∈ U ∩H 3 and γ ∈ Γ. Since Γ(O)∩U = ∅, we have x, γx = O. Consider x and γx as vectors in B 3 ⊂ R 3 and let(See Figure 3 )
Since the boundary of U is totally geodesic, we have b ∈ U ∩ Ω(Γ). From γb ∈ S 2 ∞ , we have
for all x ∈ U ∩ H 3 and γ ∈ Γ. Notice that C does not depend on the choice of x and γ.
We need the following simple relation between d H and d E in the proof of Main Theorem.
We don't need the following corollary in the proof of Main Theorem. But the proof of the following corollary is an easy application of Proposition 2.13 and Theorem 2.14.
for all x, y ∈ U ∩ H 3 and γ ∈ Γ, where C does not depend on the choice of x, y and γ.
Proof. Suppose that a ∈ Ω(Γ). By Proposition 2.13, there exist an open neighborhood U of a in H 3 ∪ Ω(Γ) and a constant C ≥ 1 such that (2.11)
for all x ∈ U ∩ H 3 and γ ∈ Γ, where C does not depend on the choice of x and γ. We may assume that Γ(O) ∩ U = ∅.
Suppose that x, y ∈ U ∩ H 3 , x = y and γ ∈ Γ. Since Γ(O) ∩ U = ∅, we have γx, γy = O. Note that we have d H (γx, γy) = d H (x, y) = 0.
Note that γx = γy. Therefore, from Theorem 2.14 and eq. (2.11), we have
Therefore, for all x, y ∈ U ∩ H 3 , x = y and γ ∈ Γ, we have (2.12) Cd E (x, y) ≥ d E (γx, γy).
